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Abstract. Let ¢ a minimal affine ZP-action on the torus 7%, p > 2and g > 1.
The cohomology of ¢ (see definition below) depends on both the algebraic properties
of the induced action on H1(T%, Z) and the arithmetical properties of the transation
cocycle. We give a Diophantine condition that characterizes those affine actions whose
first cohomology group isfinite dimensional. Inthiscaseit is necessarily isomorphic to
RP. ThustheR”-action F, obtained by suspension of ¢ isparameter rigid, i.e., any other
RP-action with the same orbit foliation is smoothly conjugate to a reparametrization of
F, by an automorphism of R”.
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1 Introduction

Let Affine(T'7) denote the group of affine transformations of the torus 77. By
an affine Z”-action on T7we mean a homomorphism ¢ of Z” into Affine(T?).
The action ¢ induces a Z?-action by automorphisms of the ring C*°(T'7) of the
smooth functionson T4 givenby £ - f = fo@(£) for £ € Z? and f € C*°(T?)
defining a Z”-module structure Co(T?) on C=(T). The cohomology of the
action ¢ is by definition the cohomology H*(Z?, CgO(Tq))of the Z?- module
C°(T?), seefor example[2].

Theinvestigation of the cohomology of ergodic actions of higher rank abelian
groups(e.g., Z* and R¥ for k > 2) has attracted considerable interest in recent
years due to its connection with cocycle rigidity phenomena, i.e. every smooth
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cocycle is cohomologous to a constant one. Some cocycle rigidity phenomena
appear in connection with hyperbolicity. For example A. Katok and R. Spatzier
[10], [11] and [12] showed that real cocycles of certain Ahosov actions of ZP
or R? (standard Anosov) are cohomologous to constant cocycle. Similar results
areobtained by A. Katok and K. Schmidt [9] for mixing expansive actions of Z”
on the automorphism group of an abelian group.

Another source of cocycle rigidity are certain ZP-actions on the group of
translations of thetorus7?. Thisactions are determined by linear foliations with
minimal leaves transverse to the fibers of the canonical projection of 777 to
T7, see[1], [22], [15], [20], [6], [4].

In this paper we give a Diophantine condition for affine Z?-actions on tori.
Our main result statesthat the first conomology group of an affine action isfinite
dimensional if and only if the action satisfies the Diophantine condition, see
Section 1.2 for the precise statement of the result. This extends the work of J.L.
Arraut and N.M. dos Santos done for actions of translations.

A consequence of our result isthat, if the first cohomology group of the action
isfinite dimensional, then it is necessarily isomorphic to R?.

1.1 Geometrical consequences

Our main result, characterizing those affine actions with finite dimensional first
cohomology group, has the following geometrical consequence.

Associated to each ZP- action on 77 we have its suspension foliated bundle
T9 — (M, F) —* T7 and an R”-action by automorphisms of the projection z,
calledthecanonical action of t. Theleafwise cohomology H*(‘F) isisomorphic
to the cohomology of ¢ [22].

We say that alocally-free R”-action is parameter rigid if any other RP-action
with the same orbit foliation is smooth conjugate to it, up to a reparametrization
by an automorphism of R”. S. Matsumoto and Y. Mitsumatsu [19] proved that
alocally-free action of R” is parameter rigid if and only if the first cohomol-
ogy group isisomorphic to R”. Thusthe locally free R”-action induced by an
affine ZP-action on TY is parameter rigid if and only if the action satisfies the
Diophantine condition, as defined below (Section 1.2).

This extends what was done by J.L. Arraut, N.M. dos Santos[1] and J. Moser
[20] for action of trandations. They gave a definition of a Diophantine Z”-
action by trandations on 7% and proved that the cohomology of such an action
isisomorphic to the cohomology of 77 with real coefficients.
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1.2 Statementsof Results

An gffine Z”-action ¢ on the torus 77 induces a Z” -action by automorphisms of
H\(T9,7) = 74 and HX(T4, Z), denoted by ¢, and ¢*, respectively. The set
o (p,) of al eigenvalues of all ¢, (£) isreferred to asthe spectrum of ¢,. If ¢ is
minimal then o (¢..) = {1}. The cohomology of ¢ depends on both the algebraic
properties of ¢* and the arithmetical properties of the trandation cocycle. The
isotropy group of ¢* at k € Z4 will be denoted by I (k). Eachisotropy group I of
¢* isadirect summand, i.e., thereisasubgroup K of Z? suchthat Z? = I ® K.

An affine ZP-action ¢ on T4 satisfiesthe irrationality condition if for k € 74
suchthat dim (k) > p — 1thereis? € I(k) sothat

(k,a(0)) & Z

where ¢(£) = ¢.(£) + a(£) isalifting of ¢(£) to the covering R? and (, ) isthe
usual inner product on R?. Let I" be the set of fixed points of ¢* i.e.

I'={keZ|¢*)k=kforal ¢ eZr}.

We notethat if o (¢p,) = {1} thenT" # 0. An affine Z?-action ¢ on T? satisfiesa
Diophantine condition on T if there are constants 8 > 0 and C > 0 so that for
eachk e T' — {0} thereis j, 1 < j < p satisfying

Ik, (el = Clk|™*

where {eq, ... , e,} is the canonical basis of Z”, |x| = sup; |x;| and |x|| =
inf{lx —1| |1 eZ"}.
Our main result is

Theorem 1. Let ¢ be an affine Z”-action on T7 with o (¢,) = {1},where p > 2
andg > 1. Suppose that ¢ satisfies the irrationality condition. Then the following
statements are equivalent

1. ¢ satisfies a Diophantine conditionon T".
2. HY(Z?, C¥(T4)) = RP,

3. HY(ZP, C(T9)) is Hausdorff.

The main feature of an action by trandations is that the induced action on
cohomology istrivia and this greatly simplifies the calculation of the cohomol-
ogy. Thisisnot true for agenera affine action and in fact the induced action on
cohomology can berather complicated. For thisreason Theorem 1isanontrivia
generalization of the corresponding result in [1].

Thebasic conjecture isthat aminimal smooth Z?-action on 77 whosefirst co-
homology isisomorphictoR” should be smoothly conjugateto itscorresponding
affine Z?-action. This conjecture is supported by [16] and [26].
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1.3 Examples

We now give the simplest example of affine Z2-action which does not act by
translations and the first conomology group isisomorphic to R?.
Let ¢ be an affine Z?-action on T2 generated on the covering R? by

Pr(x,y) = +a,x+y)

and
@2()6’ y) = (xs y +13)

The action ¢ satisfiesthe irrationality condition and Diophantine condition on I'
if and only if & isa Diophantine number and g isirrational number. The second
cohomology dependson 8. ItisisomorphictoR if 8 isDiophantineanditisnon-
Hausdorff if g isLiouville[15]. Contrasting withthisaZ?-action by tranglations
on T is Diophantine if only if the first conomology is finite dimensional and
thusits cohomology is necessarily isomorphic to thereal conomology of 77 [1].

An other interesting example is that of an affine Z2-action on torus 7° such
that the induced action on cohomology has infinitely many isotropy groups and
the first cohomology group of the action is finite dimensional. The action is
generated on the covering R® by

@1(x1, x2, X3, X4, X5) = (X1 + X4, X2 + X5, X3 + B, X4 + @, Xx5)
and
@o(x1, X2, X3, Xa, X5) = (X1 + ¥, X2 + X4, X3 + X5, X4, X5 + ).

If « isaDiophantine number and «, 8 and y are linearly independent over the
rational numbers then the action satisfies the hypothesis of the Theorem 1.

2 On affineminimal Z”-actionson 74

Let ¢ be aZP-action on T7. Since ¢, acts by automorphisms of Z4 it induces
a Z’- action ¢g by automorphisms of T¢ referred to as the linear part of the
action ¢. The action ¢ can be written uniquely as ¢(£) = 1(£)po(£), £ € Z7
wheret : Z? — T?isacocycleover ggi.e. t(¢ +£') = t(€)po(£) T (¢) for al
£,¢ € ZP. Wecdl t isthe translation cocycle of ¢. A liftingo : Z? — RY,
on the covering R? 7 o « = 7 of T isnot in general acocycle over the action ¢,
but w(¢ + €') = a(f) + ¢.(Da(l) + k(€. ), k(¢, ¢') € Z4. The action ¢ can
belift to aZ”-action ¢ = ¢, + « if and only if the affine Z”-action ¢ isisotopic
to itslinear part ¢o.

Proposition 2.1. If an affine Z?-action ¢ on T9 is minimal then o (¢,) = {1}.
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Proof. Wefirst showthat 1 € o (¢.(£)) foral ¢ € ZP. Infact, if 1 & o (p.(£o)
for some £9 € Z” then ¢(lp) has afixed point xg = 7 (Xg) where Xo = (id —
0.(£0)) "t (ly), @ : ZP — R? being any lifting of the transdation cocycle of
g and : R? — T be the covering map. So the closure of the p-orbit of xq
isleft fixed by ¢ (£p) and as ¢ is minimal then ¢(£p) is the identity map of 77,
giving a contradiction.

Assume now there exist £ € ZP such that o (p.(€g)) # {1}. Let p(x) =
(x —1)"g(x) bethe primary decomposition of the minimal polynomial of ¢ (£o)
over Q[x].

Thus there is decomposition R? = E1 @ E,, where E1 = ker(id — ¢.(£o))™
and E, = ker g(p.(£p)) are invariant by the action ¢,, and E; has a basis in
77, Decompose a lifting of the trandation cocycle of ¢ as a(¢) = a1(£) +
ax(€), ¢ € ZP. Now it is easy to verify that the trandation 7, = id +¢,¢ =
(id — ¢.(£o)) *a1(£o) conjugate ¢ with the action ¢; given on the covering
RIbYy @1(€) = @ (£) + a1 (€) +7(€), r(€) € E2NQ7, r(lo) =0, 1.8 p1() =
T 1o@) oT,, €€ Z" and ¢ isnot minimal since the orbit of 7 (0) liesin
finitely many tori of dimension lessthan ¢ if degree of ¢ (x) > 1. O

For p = 1 the above proposition is aresult of F.J. Hahn [5].
Thereis an algebraic characterization of minimal actions.
Let " C Z? bethe set of fixed points of ¢*, i.e.,

F={keZ!|¢*(Ok =k, foral ¢ eZ"}.

We say that ¢ satisfies the irrationality condition on T if for eachk € T" — {0}
there exist £ € Z? such that
(k,a()) ¢ Z

where ¢(£) = ¢, () + a(£) isany lift of ¢(¢) to the covering RY.
We prove

Theorem 2. Let ¢ be an affine Z”-action on 77 with o (¢,) = {1}. The following
data are equivalent

1. ¢ satisfies the irrationality condition on T.

2. ¢ is ergodic with respect to the Haar measure on T9.
3. @ is uniquely ergodic.

4. ¢ has a dense orbit.
5

. @ is a minimal action.
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Proof. 1. = 2. Itissufficient to show that any function f € L2(T?, m) such
that

foel) = fae
for al ¢ € Z? isconstant a.e. In fact, the Fourier coefficients of f satisfy
fop®)k) = €2ﬂi(k’((p*(g))_la(€)>ﬁw*(z))-lk = f(&) 1

If k € I'—{0}, then from (1) weobtainthat i = ¢?7:-(®) £ and 27 k-«®) 2 1
since satisfiestheirrationality conditiononI". Thus f;, = 0, foral k € I' —{0}.

If k ¢ T — {0} there exist £y € Z? such that ¢*(£o) 1k # k. Aso (¢*(fg)) =
{1}, the sequence {¢*(nfo)k} isinfinite. For eachn € Z wetake £ = nég in
D), aslim, 100 [@*(nLo)k| = liM, 100 |@0*(£0)"k| = 00. By The Riemann -
L ebesgue Theorem gjives f; = 0.

2. = 4. Itfollowsfromthefact that ¢ isergodic with respect to the Haar measure
onT9.

4. = 5. If ¢ = 1, adense orbit trivially implies minimality because ¢ acts by
rotations of the circle. Let us assume that the result istrue for ¢ = n — 1. We
show itistruefor ¢ = n. Since o (¢,) = {1}, we may assume that the matrices
@, (L) are lower triangular and thus have

9(£)(z1, 22) = (p1(0)(z1), B(£)z2B(£)(z1)) )

wherez; € T" 1, z, € T, B(¢) € Tt foral € € ZP, ¢, isan action of Z” on
the affine group of 7"~1, and B(¢) isan homomorphism of 7"~ in T1. Observe
that if the g-orbit of (z9,z9) by ¢ is dense in 7", then the ¢;-orbit of 29 is
densein 7”1, so by theinduction assumption ¢ isminimal. Thereforefor each
7= (21,22) € T" 1 x T* we have

AR =TeO@ [LeZPyN () x TY # ¢.
Asthe orbit of ¢ at every point of {z§} x Tt isdensein 7", then A(z) = T".

3. = 5. Thisfollows from the fact that the only invariant measure is the Haar
measure.

2. = 3. If ¢ = 1, then ¢ actsasrotations of thecircle, theng isuniquely ergodic.

Let usassumethat it istruefor g = n — 1. We show that itistruefor g = n.
From (2) we see that if ¢ is ergodic then ¢ is ergodic and by the induction

hypothesis ¢; is uniquely ergodic,therefore ¢ isuniquely ergodic [21].

5. = 1. If ¢ doesnot satisfiestheirrationality conditionon I, then there exist ko
sothat (kg, a(£)) € Z for al £ € ZP and the function cos(2r (ko, x)) isinvariant
by ¢ therefore ¢ isnot minimal. O
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Problem 1. Let A a homomorphism of Z? into GL(q, Z) with spectrum 1.
Give a necessary and sufficient condition for the existence of a minimal affine
ZP -action on T¢ whose induced action on the first homology group of 77 is
precisely A.

3 Thefirst cohomology group of affine Z”-actionson tori

A function f : Z? — C*°(T'?) isal-cocycle of an affine Z”- action ¢ on T if
FE+E) = fO+fFW)op), foral cand e’ inZr. Theset ZX(ZP, C*(T7)) of
al 1-cocycles f : ZP — C*°(T7) of an affine Z”-action ¢ on T7is an abelian
group. A 1-cocycle f istrivial or a 1-coboundary if f(£) = h — h o ¢(£)
for some h € C*(T%) and @l ¢ € Z». The set BY(Z", C;*(T4)) of al 1-
coboundaries of ¢ is a subgroup of ZX(Z”, C°(T?)) and HY(Z?, Co(T) =
ZY(ZP, C>(T1))/BY(ZP, C*(T?)) isthe first conomology group of .

Sincethe Haar measure m isinvariant by ¢ thento each 1-cocycle f of ¢ there
corresponds a homomorphism m(f) : Z? — R, m(f)(¢) = qu f@)dm,
£ € ZP. Thus we have the decomposition

ZNZP, CX(T?)) = Hom(ZP ,R) & ker m (3

wherekerm = {f € ZY(Z, C*(T%)) | m(f)(£) = Oforal ¢ € Z7}.
We now prove the Theorem 1.

Proof. Theimplication2 = 3istrivial. Themainimplication1 = 2isproved
in Section 5; we now prove theimplication 3 = 1.

Suppose that ¢ does not verify any Diophantine condition on the fixed points
of ¢*. We show that the first cohomology group of ¢ is non-Hausdorff. In fact
thereexist j, 1 < j < p and a sequence {k,},>1 in I such that |k;| — oo as
s —> O

0 < litks, (el = X Il {ks ct(e)l < lhs| ™. 4

We construct a non-trivial cocycle sequence f : ZP — C*(T9) of ¢ where as
before () = ¢, (£) + a(£) isalifting of ¢ (£) to the covering R? which is the
limit in the C* topology of coboundaries. For each ¢ € Z? — {0} we consider
the function f(¢) given by the Fourier series

]

1) = Z [(1 _ e—Zni(ks,oz(Z»)(p_ks + (1 _ eZni<kS.a(£)))¢kS:|

s=1

where as usual ¢, = 27 ),
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From (4) we get
0 < [[(ks. ()] < [€] - [I{ks. ()] < 1€] - |ks] ®)

which shows that the above Fourier series converges in the C* topology to a
C* function f(¢) : T? —> R.

From (5) we seethat f : Z?P — C*°(T?), £ — f(£) isacocycle since the
sequence {k,} consists of fixed points of the action ¢*. The partial sums S,,(¢) of
the Fourier series of f(¢) aso define cocycles S, (£) : ZP —> C*(T7) which
are clearly coboundaries. Now we show that f is not a coboundary. Suppose
that f(¢) = h — h o ¢(£) for some C* function 2 and al £ € Z7.

Thusfor s > 1 we have

F@O k) = (1 — 22Ok,

and ﬁ(ks) = 1, contradicting the Riemann-L ebesgue theorem. O

Thedistributions on 79 which areinvariant by ¢ play an important role on the
computation of the cohomology of ¢, and are discussed in the next section.

4 Invariant distributionsand thefirst conomology group

Let ¢ be an affine ZP- action on T7 and I be an isotropy group of the induced
action ¢*. Choose a subgroup H of Z? sothat I N H = {0}. Fixk € Z? s0
that 7(k) = I. Since p*(£)k # k for dl £ € H and the Fourier series of any
h € C*(TY) isabsolutely convergent, see [14], the series

3 (Hop@) k)

teH

is also absolutely convergent. Thus

i) =" (o p@) k), h e C*(T) ()

teH

defines adistribution p/? invariant by the restriction of ¢ to H i.e.
o (ho @) = pf(h), foreachh e C*(T%) andforal ¢ € H.
Moreover aroutine computation shows that
il (h o p(0)) = W “OkaOlpH | (h), forall ¢ eZ”. )
Thusif ¢ € I, then pf'(h — h o (£)) = (1 — ezni(k""(z»)p,f(h).
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Wedenoteby p; thedistribution correspondingto thecyclicgroup H generated
by ¢ € ZP — I. Thisdistribution isinvariant by ¢(¢).

Proposition 4.1. Let ¢ be an affine Z”-action on T7 with o (¢,) = {1}. If the
first cohomology group of ¢ is finite dimensional, then ¢ satisfies the irrationality
condition.

Proof. Suppose that ¢ does not satisfies the irrationality condition, then there
existk € Z9 — {0} sothat dimI (k) > p — 1and

(k, a(0)) € Z, foral ¢ e I(k). ©)

We show that the first cohnomology of ¢ isinfinite dimensional. We first notice
that I (nk) = I (k) and (nk,a(£)) € Zforaln € Z, n #0.
We consider two cases.

Casel. I(k)=7ZPr.

We construct an infinite sequence of cocycles f,,, n € Z — {0} giving linearly
independent cohomology classes in the first conomology group of ¢. Since
(nk, p(L)x) — (nk, x) isinteger for al £ € Z? and each n in Z then f,,(£) =
£1c082m (nk,-), £ = (£1,...,4£,) € ZP defines a cocycle for each n € Z.
Moreover for any smooth function 2 : T — R we have that

(h o ¢(£))(nk) = h(nk), fordl ¢ € Z” and al n € Z.

From thiswe see easily that the cocycles f,, give aninfinitelinearly independent
sequence of cohomology classes.

Case2. dmlIk)=p— 1

Inthiscasethereis, 1 <i < psothate; ¢ I(k). ThusZ? = I(k) ® H
where H is the subgroup generated by ¢;. Let p,; asin (6) bethe distributions
invariant by ¢ (e;). Now we choosefunctionsh,, € C*(T7), suchthat i, (k) =0
if k& does not belong to the orbit p*(je;)nk, j € Z of nk for eachn € Z — {0}.
We now define an infinite sequence of cocycles f, of ¢ asfollows f,(je;) =
hy + hy o @le)) + -+ hy o o((j — De;), for j > 0and f,(je) = —(h, +
hyo@(—e;)+ -+ h, op(—(j — De;)), for j < Oforal ¢ € I(k). Thus
fu(jei) o (k) = fu(je:). We seefrom (8) that (¢*(O)nk, a(€)) = n(k, a(£))
isan integer. The mappings f, : Z? — C>(T?) givenby f,(£) = f.(P(£))
where P isthe projection onto H, Z? = I (k) @ H are easily seen to be linearly
independent cohomology classes in the first conomology of ¢. O
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Let ¢ be an affine ZP-action on the torus 7. For each isotropy group of ¢*
we consider thesubmodule M; = {f € C*(T?)|f (k) = Oforadl k, I(k) £ 1}
of C;°(T7). Foreach f € C*(T), f; denotesthe projection of f onto M;.

Lemma 4.2. Let ¢ be an affine Z”-action on the torus 7¢ and I # Z” be an
isotropy group of the action ¢*. Suppose that for some £ ¢ I and f € C*®°(T?)
we have the equations

oi(f) =0forall k e Z4, satisfying I (k) = I. 9)
Then there is a function #; € M; so that
hy —hroe(t) = fr.
Moreover for each » > 1 the Fourier coefficients of #; satisfy the inequality
\hy (k)| < C(r)|k|™" for all k, such that I (k) = I

where the constant C (r) dependent only on r, f and .

Proof. Consider the number given by (9) we have

h(k) = Z (fopml))(k) = — Z (f o p(=nt))(k) (10)
n>0 n>1
forall k e 27, I(k) = 1.

Now we show that the Fourier series } . 74 14— T(k)¢y defines a function
in M, i.e, for eachm > Othereexist C(m) > Osuchthat [2(k)| - |k|™ < C(m),
foral k € 279 — {0}, I(k) = I. Foreachk € Z¢ — {0}, I(k) = I there exist
ko € 77 inthe orbit of k by ¢*(¢£) such that

|(ﬂ*(l’lﬁ)ko| > |kol, foral n € Z.

By Lemma A intheappendix thereisaconstant E > 0sothat |p*(n€)ke| > E|n|
for al n € Z. Consider ng € Z such that k = @* (ngl)ko. Since f € C®(T9)
then for each s > O there exist C'(s) > O sothat | f (k)| - |k|* < C'(s). There
two possibilities.
If no > Owechoosein (10) the equation
h(k)y ==Y (f o p(—n) (k) =Y e **0 F(g* (no)k).

n>1 n>1

Taking s = m + r, where r will be chosen |ater, we have that

RO - k™ < ¢ N lo* (n0£)ko|™

n>1 n>1
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Aso (¢*(£)) = {1} then N (¢) = ¢*(£)—id isanilpotent matrix, thus N (£)¢ = 0,
forsomel < d < ¢g. Thusthereis Co > 0 so that for every ng € Z

lg*(nol)| < Comax(, [nold™1).
Hence |¢* (nol)ko| < Comax (1, [nol~%)|ko| and

IR / m max(L,|no| ‘)" [kol™
|h(k)| |k| S C (m + r)CO |(p*((n+no)£)k0|m+r

n>1

’ mpp—1 max (1, [ng?~H™
C'(m+r)Cy'E ey

IA

n>1
Choosingr = m(d — 1) + 1+ ¢, for somee > 0 we have that
ng—nm 1
< )
(n4+no)" ~ (n+ng)lte

Thus [2(k)| - [k|™ < C(m), where
1

n1+s

C(m)=C'(md +1+e)C{E™)

n>1

dependson ¢ but noton 1.
Thecaseng < 0followsin asimilar way considering that

n(k) = Z fopnt)k) = Z eZr A o .

n>0 n>0

From (10) we easily that h; — hj o @(£) = f. O

5 Computing thefirst cohomology group

Lemma 5.1. Let ¢ : Z? — Affine(T?) be a minimal action and I be an
isotropy group of ¢*. Let¢ ¢ Iandh € LY (T, R). If 9'h =h —hop(t) =0
then h(k) = Oforall k € Z% suchthat 7 (k) = I.

Proof. The equation 34 = O impliesthat 4 — h o p(nt) = Ofor al n € Z.
Thus

’]/:(k) _ eZni ((p*(fné)k,a(né))il‘(p* (—nOk-

thensince £ ¢ I lim, .o ¢p*(—n&)k| = oo and since h € LY(T4, R) we con-
cludethat (k) = O. O
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Let f € ZY(Z", ker m) bean 1-cocycle. We provethat for each isotropy group
I of ¢* the cocycle f; : ZP — M;, f;(£) = f(£); asin Lemma4.2 istrivial,
i.e., thereish; € M; sothat

fi0) =h; —h;oe), fordl ¢ e ZP

where f(¢); denotes the projection of f(£) € kerm onto M;. Moreover we
provethat for al » > 1thereis C(r) > 0 independent of 7 such that

(Bl < C)lkI™"
Soh =), h; definesafunctionin My such that for al ¢ € Z?

h—hoe()= f(0).
Thisprovesthat f € ZY(Z”, ker m) isacoboundary and H(Z”, ker m) =
Proof of theTheorem 1. It remainsto provetheimplication 1 = 2. Let I be

an isotropy group and let {e, ... , e,} bethe canonical base of Z”. Let f bea
1-cocycle.

Casel. I =7". Fork eI exist £ suchthat 27 !*«() £ 1, Define

7))

h(k) = 1_ e2rifka@)”

From the cocycle equation

FU+H) =FO)+ f) o) = f€)+ f(E)og()
we get

FU) = fW) o) = f0) = f(O) op)foral £ e Z”

thus
F@) )L — 2mhe®) = F@) (k) (1 — &2

and we have 71 (k) (1 — 2 k«©)y — F(@)(k).
By the Diophantine condition there exist 8 > 0 and C > 0 such that for each
of k e T, thereisj, 1 < j < p sothat

[ (k, a(e;))]l > Clk|~*.

and for al r > 1thereexist C(r) > Osuchthat ||(k, x(e;))| > ‘k", > 0.
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~ 7))
Thush(k) = % and therefore
~ - flep®] _CrHC
R = |1 — e2ritkale) = \k|r—=F

Thus the function #; = Zrﬁ(k)gb(k) € M, satisfiesh; — h; o p(£) = f(&),,
foral ¢ e I =77, where f(£); € M; isthe projection of f(£) € Mgy onto M.

Case2. dm/ =p—1 Letl<i < psuchthate; ¢ I. By the, irrationality
condition, for each k € Z7 — {0} such that I(k) = I thereis ¢’ € I so that
eZritka®)) £ 1 From the cocycle equation

JU) = f)ogple) = fle) — fle) oot

we get pi' (3¢ f(e;)) = pf (8 £ (£')) = 0. From (7) and the irrationality condi-
tion we see that p;' (3% f(¢;)) = 0. By Lemma 4.2 thereish; € M; such that
fle)r =hr —hjooe(e).

Projecting the cocycle equation onto M, we get

J1(0) = fi(€) o p(ei) = fle)r — f(e)rog(l) =
=h;—hyo@) — (hy —hoe(l))op(e)

Thusby Lemmab.1weseethat f(£); = h; — h; o p(€) fordl ¢ € ZP.
Note that Lemma 4.2 implies that for every r > 1thereis C(r) > 0, only
dependingin f(e1), ..., f(e,) and independent of 7, such that

Il (k)| < C(r)lk| ™"

Case3. dim/ < p — 1 Therearee; ande; sothat H N 1 = {0}, where H is
subgroup generated by e; and e;. Thusfor each k € Z¢, I (k) = I we have that

9" (Ok £ kforall ¢ e H. (11)
From the cocycle equation
flej) — flej)ogle) = fle) — fe)ogle;)
aroutine computation shows that

o (fe) = pi (f(ei) o pne;)) fordln e Z
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from (7) we get
P (f(e)) = 2 Crepbatne) por, nep(f () foraln € Z. (12
Since the seriesin (6) is absolutely convergent from (11) we see that

“m ,O(p (=ne; )k(f(ei)) =0

Now from (12) we get p;’ (f (e;)) = 0 and we proceed as in the Case 2 above.
Inboth case 2 and 3Lemmad4.2 impliesthat for every r > 1thereisC(r) > 0,
only depending on f(e1), ... , f(e,) and independent of 7, such that

i1 (k)] < Cr) k| ™. O

Appendix

LemmaA. Let A € GL(g,Z) such that 0(A) = {1}. Thenthereis C > 0
such that for all n € Z and all k € Z7 satisfying Ak # k, either |[A"k| > C|n|
or [k| = Cln|.

Proof. By Jordan canonical form theorem thereisa P € M(q, Z) such that
P AP~ tisinupper triangular Jordan form, which meansthereisadecomposition
of PAP~intoadirect sums of Jordan blocks. It isenough to prove the lemma
for each Jordan block.

If Jisam x m Jordan block then thereise(m) so that

1 1 i —1
|f(1__)...(1_—J )| > e(m)foralneZ
Jj! n n
and j, 1< j <m—1lsuchthatn > j or equivaently
| (;’) | > e(m)|n|/ foraln e Zand1< j <m — 1suchthatn > j. (13)
TakeC = m—l, supposethat |k| < Cn| forsomek € Z4 — {0} suchthat Jk # k
andn € Z — {0}, weshow that | J"k| > C|n|. Infact, thefirst coordinate of J"k
isequal to
k1+nk2+---—|—(n_)k,~+---—|—( " >kmwherek:(kl,...,km).
Jj) m—1

Letj,0< <m—1bethe|arge;t|ntegersothat< )k #0. Since Jk # k
then j > 0.
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Note that,

m .
In| = elnl’.
1 m

n -
ki + -+ (j _ 1> kj_1| < mln|’ 1m -

Now from the inequality (13) we get

T LA ny,,__m j €
lk1 + ko + +<J.)k,|z|<j)kj| m+18|n| zm+lln|-

Thus |J"k| > -5~ |n| and the lemmafollowsfor J with C = £ O

m+1 m+1°
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